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MULTIVARIABLE APPROXIMATE CARLEMAN-TYPE THEOREMS 
FOR COMPLEX MEASURES 1 

By Isabelle Chalendar and Jonathan R. Partington 
Universite Lyon 1 and University of Leeds 

We prove a multivariable approximate Carleman theorem on the 
determination of complex measures on R" and R™ by their moments. 
This is achieved by means of a multivariable Denjoy-Carleman maxi- 
mum principle for quasi-analytic functions of several variables. As an 
application, we obtain a discrete Phragmen-Lindelof-type theorem 
for analytic functions on C™. 

1. Introduction. The main issue discussed in this paper is the determi- 
nation of a complex measure on W 1 from its moments. This is strongly linked 
to the theory of quasi- analytic classes, in which the partial derivatives of a 
function determine the function uniquely. Some work in this direction has 
recently been presented in [3, 4]. One of the aims of this paper is to present 
a generalization of some results from [3] , describing the consequences when 
the moments of two measures differ by a set of values that does not grow 
too quickly. Moreover, our results are valid for complex measures, not just 
the positive measures discussed in the earlier work. Analogous results are 
presented for measures supported on the positive cone (all such notation 
is defined below). An application of this is given in the form of a discrete 
Phragmen-Lindelof-type theorem, generalizing some results of [8] which ap- 
ply in the one-dimensional case. This paper also contains a multivariable 
generalization of [2], where a one-dimensional Denjoy-Carleman maximum 
principle as well as an approximate Carleman theorem are proved. 

We adopt the conventions N = {0, 1, 2, . . .}, R + = {i£l:i> 0}, R_ = 
{i£K:i<0} and C + = {z G C : Re z > 0}. Let n be a positive integer. We 
supply W 1 and C n with the standard inner product (•, •) and corresponding 
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norm || • ||. We denote by M(M. n ) the set of all positive Borel measures [i on 
R n such that 

/ ||x|| d dfi(x) < oo foralld>0 

and let M c (M. n ) be the set of all complex Borel measures fi such that 

\fj,\ G M(W n ). For a = (a\, . . .,a n ) G N n , set |a| = a>i H h a n and a! = 

ai! •••«„!. For /:M n ^C, /W denotes As usual, for z = 

(zi, . . . ,z n ) G C n , denotes z" 1 ■ ■ ■ z% n . 

Given a product / = I\ x • • • x I n of subintervals of R (bounded or un- 
bounded) containing 0, and an n-tuple M = (M(l, k))k>o, . . . , (M(n, k))k>o 
of sequences of positive numbers, write C/(M) for the family of all C°°- 
functions / : J — > C satisfying 

n 

(1) |/W(x)|<c //9 l Q| n^0>i), [xG/,a = (a 1 ,...,a n )GN n ], 
i=i 

where c/ and p/ are constants depending on /. 

In the sequel, we will say that a sequence (mk)k>o of positive reals is a 
Carleman sequence if 

mo = 1, m| < mum^i and m fc = oo. 

fe>l 

The structure of this paper is as follows. In Section 2, we derive a multi- 
variable Denjoy-Carleman maximum principle (Theorem 2.3) by means of 
a multivariable version of Bernstein's inequality for functions of exponential 
type (Theorem 2.2). This provides an extension of the results in [2]. 

As an application of the ideas of Section 2, we obtain in Section 3 a multi- 
variable approximate Carleman theorem on W 1 (Theorem 3.2), which holds 
even for complex measures. The methods used include a Paley-Wiener- 
Schwartz-type theorem for Fourier transforms of distributions. 

In Section 4, we derive analogous results for complex measures supported 
on W] (see Theorem 4.1). Even in one dimension, the results provide sharper 
forms of Theorem 2.1 of [8]; we then use the methods of [8] to derive a 
multivariable discrete Phragmen-Lindelof-type theorem which, in the one- 
dimensional case, extends Theorem 4.1 of the same paper. 

2. A multivariable Denjoy Carleman maximum principle. We recall the 
multivariable Denjoy-Carleman theorem: 

Theorem 2.1 ([4], page 155, and [6]). Let n be a positive integer. For 
j = 1, ... ,n, set Ij = [—Rj,Rj], where Rj > and I = 1\ x • • • X I n . Let 
f G Ci(M) where M is an n-tuple of Carleman sequences. If f^ a \0) = for 
all a G N n , then f is identically equal to on I. 
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In fact, Theorem 2.1 is a slightly different version of the result given in [4], 
but the proof implies the version stated here. 

We say that an entire function g : C n — ► C is of exponential type at most 
t = (n, . . . , r n ), where > for all k, if for all e > 0, there is a constant A £ 
such that 

\g(z)\ < A E e ( - n+E ^ + - +( - Tn+£ ^ for each z = ( Zl , . . . ,z n ) € C n . 

The following multivariable version of Bernstein's theorem is easily deduced 
from the single- variable case: 

Theorem 2.2. Let g : C n — > C 6e a function of exponential type at most 
t = (ri, . . . ,r n ). TTien /or eac/i A; urc'i/i 1 < A; < n, i/ie function Jj- i s a i so of 

exponential type at most r . Further, if g is bounded on M. n , then so is -jgL , 
and 

sup -p-(x) <r k sup \g(x)\. 

Proof. Without loss of generality, we take k = n. For each (zi, ... , z n -i) G 
C™" 1 , let ^ 1) ... ) g n _ 1 ) :C->- C be defined by g( Zlr .. jZn _ 1 )(z n ) = g(zi, . . . , z n ). 
Then for each e > 0, there is an A £ > such that 

l5(, 1 ,...,, n _ 1 )(^)l ^^ e(T1+£)kll+ "' +(r ^ 1+£)|2n_lle(T ' l+e)|Zn| - 
Using the Cauchy integral formula for gi z n with the circle centered 
at z n and of radius 1 , we obtain 

\9(z 1 ,...,z n - 1 )\ z n)\ S A=e e 

— J 4 e g r n+ e g( T l+ £ )klH h(T n +e)|*n| 

Clearly this implies that Jj- is of exponential type at most r. By Bern- 
stein's theorem ([1], Theorems 2.4.1 and 11.1.2) applied to g Zl ,...,z n - 1 i for 
z±,..., z n -i real, we obtain 



— (Zl,...,Z n -l,X) 



sup 

from which the result follows. □ 



<T n SUp|sr(Zi,...,Z n _i,2)|, 



Theorem 2.3. Let f £ C/(M), where L = W 1 and M is an n-tuple of 
Carleman sequences. Suppose that there exist C\, . . . ,C n > such that for 
each e > 0, there is a constant A £ such that 

|/ (a) (0)| < A £ (Ci + e) ai ■ ■ ■ {C n + e) an for alla£N n . 

Then 

svLp\f( a+f} Xx)\<C^---C% n sup|/ (Q) (x)| for alla,(3£N n . 
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Proof. Define h : C n -> C by 

Thus for each e > 0, we have 



a€N" 



i^)i < v ^ £ (c 1 +er i -.-(c n + £ r™i| 21 r---i^r 

— cd 

= A e e^ c ' 1+e ' ) '' 2l ' + "' + ^ c ' n+e ' ) '' 2n 

That is, /i is an entire function of exponential type at most (Ci, . . . , C n ). For 
j3 G N n , we have 



writing a = /? + 7. Therefore, 



/3n+7nU 1 171 ... U |7n J_ 



|/^>(z)| <i £ ^ (Ci + e)^ 1 • • • (C n + e^+^l^ii - • • • |* U| 

< A £ (Ci + ef 1 ■ • • (C„ + e )/3» e (Ci+^)ki|+-+(Cn+ £ )|^|_ 
So given R> 0, we have 

sup < A e (Ci + e) /3l ---(C n + e) /3 "e fl((Cl+£)+ - +(c " +£)) . 

Note that since (M(j,k + 1)/M(j, fc))fc>o is an increasing sequence for each 
j, we have M(j, 1)& < M(j,f3j). HenceT 

sup i^)(x)i < a £ n ( S + ^ ^ ((Ci+£)+ --- +(C " +£)) n Af (;,/%) 

3=1 

where p = max{(C j + e)/(M(j, 1)) : 1 < j < n}. Therefore, h £ C[_ RtR]n (M) 
and so f -he C [ _ jRjR] n(M), with (/ - /i)( Q )(0) = for each a e N n . By 
Theorem 2.1, / — /i vanishes identically on [— R, R] n . This holds for all R > 
and so / = h on R™ . 

By repeatedly applying Theorem 2.3, we obtain that is of exponential 
type at most (Ci, . . . , C n ) and that 

sap\h( a+ ®(x)\<C? 1 ---Cfr sup\h {a \x)\. 

x&R n x£R H 
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Since hug* = f, the result follows. □ 

The following corollary is immediate and shows that Theorem 2.3 is an 
extension of Theorem 2.1: 

Corollary 2.4. Let f satisfy the hypotheses of Theorem 2.3 and sup- 
pose that limsupi^i^oo [/^(O)! 1 /! ' =0. Then f is constant. 

3. An extension of the multivariable Carleman theorem on W 1 . The 

following multivariable Carleman theorem is proved by De Jeu in [3]: 

Theorem 3.1. Suppose that [ii,fj,2 G M(R n ) satisfy 

(2) s(a):= / x a dm(x)= f x a dpL 2 {x) for all a G N n 
and that the conditions 

oo 

^ S (2me J )- 1 /( 2m ) = oo, j = l,...,n, 

m=l 

hold, where ej is the jth canonical basis vector ofW 1 . Then = fx 2 - 

As an application of the ideas of the previous section, we obtain the fol- 
lowing multivariable approximate Carleman theorem. Note that it applies 
even to complex measures and, in the case n = 1, it provides a strong gen- 
eralization of [9]. 

Theorem 3.2. Let C±, . . . , C n > 0. Suppose that n\,\i 2 G M c (R n ) satisfy 

/ x a dnx(x) = / x a dfi 2 (x) + c(a) forallaeN n , 

where for all e > 0, there exists a constant A e > such that 

\c(a)\<A £ (C 1 +e) a ^--(C n + e) a - 
holds for all a G N n . Lei 

s(a) = / + \fi2\)(x). 

JM. n 

Suppose that the conditions 

oo 

(3) ^ S (2m e ,)- 1 /(2m) =00) j = l,...,n, 

m=l 

/ioW. T/ien /ii = //2 + c, where a is a complex measure on M. n supported on 
[-C 1 ,C l ]x---x[-C n ,C n ]. 



G 



I. CHALENDAR AND J. R. PARTINGTON 



We immediately deduce the following strengthened version of Theorem 3.1: 
Corollary 3.3. Let fi\ and Hi satisfy the hypotheses of Theorem 3.2, 



some a € C. If in addition, \i\ and fj,2 are probability measures, then jJL\ = (J>2- 

The proof of Theorem 3.2 will require two preliminary results, which we 
now present. The one-dimensional version of the first result can be found 
in [7] and its extension follows by an inductive argument. 

Theorem 3.4. Suppose that h:C n — ► C is of exponential type at most 
t = (n, . . . ,T n ) and that \h\ is bounded on W 1 by a constant D > 0. Then 



(4) \h(z)\ <l} e n|Im*i|+-+T n |Im ZTl | for all z = (z u . . . , z n ) £ C 



The next result is a version of the Paley- Wiener-Schwartz theorem and 
is a special case of Theorem 7.3.1 on page 181 of [5]. 

Theorem 3.5. Let t%, . . . ,r n > 0. If an entire function h : C n — ► C sat- 
isfies (4), then it is the Fourier transform of a distribution supported on 

[-Ti,Tl] X • • • X [-T n ,T n \. 

We are now ready for the proof of Theorem 3.2. 

PROOF of Theorem 3.2. For all m > and j = 1, . . . , n, define 

M{j,m) = — f \ Xj \ m ddml + \n2\)(x), 

where mo = + |/i2|)(IS n )- Clearly, M(j, 0) = 1, and on applying Holder's 
inequality, we obtain 

M(j, mf < M(j, m - l)M(j, m + 1) for all m>\. 

Moreover, note that 



with c(a) satisfying limsup| a | 




a 



0. Then fx± = fi2 + o5q for 




where 




Hence, using the calculations from [2], page 93, it follows that 



oo 



M(j, m) = oo for each j = 1, . . . , n. 
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In other words, M := (M(l, k)k>o, ■ ■ ■ , M(n, fc)fc>o) is an n-tuple of Carleman 
sequences. 

Define / : R n -> C by 

f(w) = —f e-'^dfa-iMMx), 

so that 

/(«)(„,) = — / (-ixi) ai • • • H^e-^'*) - /i 2 )(x), 
mo JR" 

where a = (ai, . . . , a n ) and x = (xi, . . . , cc n ). Therefore, we have 

|/(«)(«,) | < — / • • • |x n | Q " d(| Ml | + |/i 2 |)(x). 

mo JR" 

Using the generalized Holder inequality, we obtain 

|/ {Q) H| <M(l,na 1 ) 1 /"---M(l,na n ) 1/n . 

Now, for each j = l,...,n, set M(j, a,) = M(j, nay) 1 /™. It is clear that 
M(j, 0) = 1. Moreover, for all fe > 0, M(J, k) 2 < M(j, k - l)M(j, k + 1) since 
( M Jtf(j!mf )m>o is increasing. The fact that J2m=i M(j,m)~ l l m = oo follows 
from Lemma 2.2 of [3] and the fact that (M(j, m) 1//m ) m >i is increasing. At 
this stage, we have proved that M := ((M(l, k))k>o, ■ ■ ■ > (M(n, k))k>o) is an 
n-tuple of Carleman sequences and that / G Cr»(-M). 

Now, note that f^ a \0) = — c(a). Therefore, for all e > 0, there exists 
A £ > such that 

\f {a) (0)\<MCi + e) ai ---(C n + e) a «. 

As in the proof of Theorem 2.3, there is an entire function h:C n — > C of 
exponential type at most (Ci, . . . , C n ) such that fy^n = / and \h(z)\ < 1 for 
all z G M n . By Theorem 3.4, we deduce 

|7l(z)| < e Ci|Im( Z i)|+-+C, 1 |Im(^)| for aU z = _ . . >Zn ) G C n_ 

Hence, using Theorem 3.5, /i is the Fourier-Laplace transform of a distribu- 
tion u supported on [— C\, C\] x • • • x [—C n , C n ]. Thus, / is just the Fourier 
transform of u. But f was defined as the Fourier transform of M1 ~^ 2 . So, 

•> mo ' 

by the uniqueness theorem for Fourier transforms of tempered distributions 
on R n , u = fJ-1 ~^' 2 ■ In particular, \i\ — fi2 is supported on [— Ci,C±] x • • • x 
[— C n ,C n ], as required. □ 

Here is a corollary involving a weaker condition than (2) but valid only 
under a restrictive condition on the measures /ii and ji2'- 
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Corollary 3.6. Let C\, .. . ,C n > 0. Suppose that fii, /x 2 G M(R n ) sat- 
isfy hi > //2 and that 

(5) s(j,m) := / x" l dfj 1 i(x)= / xf d^x) + c(j,m) for all m G N, 

JR™ JR™ 

where for all £ > 0, there exists a constant A e > swc/i i/icrf 

|c(j,m)| < J 4 e (C i + e) Q '™ 
/or all m&N. Suppose further that the conditions 

oo 

^ S (j,2m)- 1 /( 2m ) = oo, j = l,...,n, 

m=l 

/ioW. T/ien /Ui = + c, where a is a positive measure on R n supported on 
[-Ci,Ci]x---x[-C n ,C n ]. 

Proof. Following the lines of the proof of Theorem 3.2, since (ii ~ 1^2 > 
0, we first obtain 

|/ {Q) HI < — / M" 1 • • • M Qn d(Mi " M2)(x) 
mo jr™ 

and then, using the generalized Holder inequality, it follows that 

\f {a) (w)\ < M(l, nai) 1 ^ ■ ■ • M(l, n^) 1 /". 
The proof ends in the same way as the proof of Theorem 3.2. □ 

Remark 3.1. If in Theorem 3.2 we take Hi and [ii to be in M(R n ) 
rather than in A4 c (M. n ), then, clearly, we may replace condition (3) by 

oo 

^s(2me,)- 1 /( 2m )=oo, j = l,...,n, 

m=l 

where 

s(a) = / x a dfii(x). 

4. An approximate multivariable Carleman theorem on IR™ with appli- 
cations. 

4.1. An extension of the multivariable Carleman theorem on R™. 

Theorem 4.1. Let Ci,...,C n >0. Suppose that niiV>2 e -M C (R+) sat- 
isfy 

/ x a dfii(x)= x a dfi 2 {x) + c(a) forallae'N"', 
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where for all e > 0, there exists a constant A e > such that 

\c(a)\<A e (C 1 + s) a ^--(C n + s) a - 
holds for all a G N n . Let 

s(a) = / x a d(\fii\ + \/jl 2 \)(x). 



Suppose further that the conditions 

oo 

(6) ^ S K)- 1/M =», j = l,. 



m=l 



hold. Then fJ,% = [J. 2 + 0, where a is a complex measure on supported on 
[0,Ci]x---x[0,C n ]. 

Proof. We define measures v\ and v 2 on M. n by 

du k (ti,...,t n ) =dn k (tl,...,tl) for fe = l,2. 
If a G N n satisfies a = 2(3 for some j3 G N n , then 

s'(a) := / t Q d(|^| + \u 2 \){t) = 2 / + \^\){x), 



otherwise s'(a) = 0. We write 

/ t a dv x (t)= [ t a di> 2 (t)+c'{a). 

Note that 

\c'(a)\ < A £ (d + e) a ^ 2 ■ ■ ■ (C n + e) a "/ 2 

for all a G N n . Also 

00 00 

^ s'(27n ei )" 1/(2m) = ^ (2s(m ej ))- 1/(2m) =00, j = l,...,n. 

m=l m=l 

Hence, by Theorem 3.2, v\=v 2 + a', where a' is a complex measure sup- 
ported on \—y/Cl,y/C\\ x ••• x [—\/C^,\/C^]. It follows that fi\ — fi 2 is 
supported on [0, C\] x • • • x [0, C n j. □ 

The following corollary is immediate, and provides the multivariable Car- 
leman theorem for R™ proved in [3], Theorem. 5.1: 

Corollary 4.2. Let [i\ and fj, 2 satisfy the hypotheses of Theorem 4.1, 
with c(a) satisfying limsup^i^oo ^(a)! 1 /'"' = 0. Then fi\ = /-i 2 + a5o for some 
a G C. If, in addition, and [i 2 are probability measures, then [i\ = [i 2 . 
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Remark 4.1. If in Theorem 4.1 we take /xi and // 2 to be in A^(R") 
rather than in _M C (K™), then, clearly, we may replace condition (6) by 

oo 

5>~(m ej )- 1/{2m) =oo, j = l,...,n, 

m=l 

where 

s(a) = x a dji\{x). 

4.2. A discrete Phragmen-Lindeldf theorem. In this section, we present 
an application of Theorem 4.1; in the case n = 1, we obtain a generalization 
of [8], Theorem 4.1, including a simplification of the original one-dimensional 
proof. 

We begin with an ra-dimensional Phragmen-Lindelof theorem, a stronger 
form of which can be found in [10]. See also [11]. 

Theorem 4.3 ([10], page 303). Let /:C+ — >■ C be continuous and holo- 
morphic on C™ and let a > 0. Suppose that \f\ is bounded by M on the set 
(iR) n and that for all e > 0, there is a constant c £ > such that 

\f{z)\ <c e e^ a+e ^ z W forallzeC%, 

where \\ ■ \\ denotes any norm on C n . Then 

\f(z)\ <Me a||Rez|1 forallzeC^. 

The following theorem is of interest even in the case n = 1 which we 
discuss separately later: 

Theorem 4.4. Let C\,...,C n > 1. Let /:C" be continuous and 

holomorphic on C™ and bounded on each of the sets 

Ek := {z = (zi, . . . ,z n ) G C" :0 < Rezfc < 1} for k = 1, . . . ,n. 

For a E N n , define 

M(a) = sup{|/(z)| : < Rezi < ai, . . . ,0 < Rez n < a n }. 

Suppose that M(a) < oo for all a and that 

oo 

(7) Yl M(m ei )- 1/(2m) = oo, j = 1, ... ,ri. 

m=l 

If for every e > 0, t/iere is a constant A e > suc/i i/iai 
|/(a)|<A £ (d+ e r---(C7 n + er", 
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then 

\f(z)\ < M(0)Cf- eZl ■■■C^ CZn for all z G C%. 
In particular, i/limi CK i_ >OQ (/(a)] 1 ^' ' < 1, then \ f\ is bounded by M(0) 



on 



Proof. For z = (z 1 ,...,z n ) = (xi + iyi,...,x n + iy n ) with x fc ,y fc G 
(fc = 1, . . . ,n) and for all a G N n , set 

'<*> 



(l + z 1 )...(l + 

Let 

B(a)= sup (V |^(z)| 2 dyi---(iy n ) . 

0<xi<ai,...,0<x n <a n \JK™ / 

Then 

t>( \ ( f \f(z)\ 2 dyi---dy n y/ 2 
5(a) < sup / — — — 12 

0<xi<ai,...,0<a;„<an VJR™ 1 1 + Z\ \ z ■ • ■ \ 1 + Z n \ z J 

(8) 

= M(a)7v n/2 . 

Let us write Rez = (xi, . . . ,x n ) and Imz = (y%, . .. ,y n )- It follows from (8) 
that there exists a function <E> G L 2 (BL n ) such that 

g(ilmz) = I <5>{a)e {ilraz ' a) da. 

Moreover, its analytic extension to C+ is given by 

g(z)= [ $(a)e^da. 

Applying the multivariable Plancherel theorem, we obtain 

/ \g{z)\ 2 d yi ---dy n = {2K) n [ \<$>{a)\ 2 e 2 ^ cz ^ da 

JR™ JR™ 

and thus 

(9) B{a) 2 >{2iT) n f \<$>{a)\ 2 e 2 ^ da. 

Let 

y(t 1 ,...,t n ) = $(logt 1 ,...,logt n ) fort = {t 1 ,...,t n )eR , l. 
We have 

g(z + (1, . . . , 1)) = / $( <T ) e <*-K 1 '-' 1 )' <T > do-. 

JR™ 
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Using the change of variables a = (a±, . . . ,a n ) = (logti, . . . , logi n ), this be- 
comes 

g(z+(l,. ..,!)) = [ *( t )*f+i...^+i _*_=/■ *(t)t?---t%dt. 
Jwi t\ ■ ■ ■ t n Jr™ 

For a£N n , set 

C(a)= f ^■■■t^m)\dt 

and note that 

C(a)= / e SLi( Q fe+ 1 K|$( a) \ da 

JR™ 

= f e M \^{a)\e^k.=i ak da 
Jr™ 

+ f e EL 1 ( Q fc+ 2 K|$( CJ )| e -ELi ff fcdo- 

<([ e 2{a ' a) \<S>(a)\ 2 da) 1/2 ( [ e 2 ^^ da\ ^ 

+ ([ e 2 EL 1 K+ 2 W|$(a)| 2 d CT V / Y/ e^ELi^d^ 
Via™ / V./r£ 

By (9) and (8) we obtain 

C{a) < B{n){2K)- n l 2 2- n l 2 + B(a + (2, . . . , 2))(2^)- n / 2 2~ n / 2 

< 2(4^)""/ 2 J B(a + (2, .... 2)) < 2 1 ""M(a + (2, . . . , 2)), 

and hence, using (7), we have 



^C(m ej )- 1/(2m) = oo, j = l,...,n. 

m=l 



Clearly, \g(z)\ < \f(z)\ for all z £ C™, and so for every e > 0, there is a 
constant A £ > such that 

b(«)| < |/(a)| < M{a) < A e {C x + e) a ^ ■ ■ ■ (C n + 

Applying Theorem 4.1, we see that ^ is supported on [0, C\] x • • • x [0, C n ], 
and so $ is supported on V n := (— oo,logCi] x • • • x (— oo,logC n ]. Hence, we 
have 



g (z) = [ <S>(a)e {z ' a) da. 
Jv n 
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Since f(z) = (z\ + 1) • • • (z n + l)g(z), it follows from the Cauchy-Schwarz 
inequality and the fact that / is bounded on each set that 

\f{z)\ <K{\z\ + l) n Cf CZl ---C* eZn 

for some K > 0; also, sup{|/(z)| : z G (iR) n } = M(0). The conclusion is now 

an immediate consequence of Theorem 4.3 on taking a = 1 and ||z|| = X^=i0°g Cfc + 

<5)|zfc| and letting 5 > tend to zero. □ 

The following result generalizes [8], Theorem 4.1, which treats the special 
case when (/(m)) m >i is bounded. It follows immediately from Theorem 4.4. 

Corollary 4.5. Let f : C+ — ► C be continuous and holomorphic on C+. 
For m G N, define 

M(m) = sup{|/(«)| :0 < Rez < m}. 
Suppose that M(m) < oo for all m and that 

oo 

]T M(m)- 1 /(2-) = oo. 

m=l 

//limsup^oo \f(m)\ 1/m < 1, then \ f\ is bounded by M(0) on C^- 
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